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Abstract 

• In a 

The equations for transverse mode coupling in a storage ring with a double 

rf system are derived from a Hamiltonian formalism. The resulting integral 

equation is expanded into a set of orthogonal polynomials, and the expansion 

coefficients are then given by the solution of an infinite determinant. Truncation 

of this determinant permits solution of the problem on a computer, and a code 

has been written which finds the complex mode frequencies. The stability limits 

of LEP with a third harmonic are determined by equating the imaginary part of 

the solution to the radiation damping ra.te. 
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1 Introduction 

The bunch current in large electron (or positron) storage rings like LEP at CERN is limited 

by the transverse mode-coupling instability[l]. This instability - also called "fast head-tail 

effect" was first described as "transverse turbulence" [2], when it seemed to limit the current 

in the DESY storage ring PETRA. However, it was already experienced earlier at the storage 

ring SPEAR, and was clearly a limitation in PEP, both at the Stanford Linear Accelerator 

Center[3]. More detailed investigations were made at the next larger electron storage ring 

TRISTAN at KEK in Japan[4]. 

A number of methods have been proposed to overcome the resulting limitations of bunch 

current and hence luminosity. The most obvious one is the reduction of transverse impedance 

already during construction of the machine, by making the vacuum chamber as smooth as 

possible and careful shielding of all unavoidable cross-section variations such as bellows or 

flange-gaps. The major source of transverse impedance then remains the rf cavity system, 

which is usually designed to have a large impedance at the accelerating frequency in order to 

minimize the cost of rf power. This can be avoided by the use of superconducting cavities, for 

which the extremely high quality factor reduces the input power and a high shunt impedance 

is no longer required. 

Nevertheless, in existing machines with copper cavities like the present version of LEP, the 

bunch current is severely limited. Another means to increase the threshold are lengthening 

of the bunches, e.g. by wigglers or changing the damping partition numbers. However, this 

method is limited by the concurrent increase of the energy spread which can not exceed the 

energy aperture of the machine. A way to increase the bunch length without increase of 

energy spread is the use of a second, "higher-harmonic" rf system. The increase of bunch 

length is largest when the phase and amplitude of the second rf system is adjusted such that 

the synchrotron frequency vanishes at the center of the bunch (i.e., the slope of the total rf 

voltage is zero there). 

The effect on the TMC instability is then not so obvious. On one hand, the longer bunches 

should increase the threshold, but on the other hand, the smaller synchrotron frequency tends 

to reduce it. In order to study this situation in detai l, it was necessary to develop a theoretical 

description which permits study of the equations of motion in a strongly deformed rf bucket. 

This is done by describing the system in a Hamiltonian formalism. 

The result can be expressed as an eigenvalue equation, respectively the vanishing of the 

determinant, of an infinite matrix. Such a problem can be solved numerically by truncating 

the matrix to finite dimensions, given by the product of the number of radial and azimuthal 
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modes to be included. For not too long bunches, these dimensions can be kept to quite small 

values. 

The eigenvalues yield the complex mode-frequencies - and hence the frequency shift and 

growth rates - as function of bunch current. Contrary to the problem for a single rf system, 

there is always a finite imaginary part, i.e. the growth rates are always non-zero. However, 

due to radiation damping (neglected in the Vlasov equation formulation), a finite threshold 

is found nevertheless. The computer code MOSDRF has been written and is available on 

the CERN-IBM system. It has been applied to a third harmonic system for LEP. It is found 

to be capable of increasing the threshold current at injection if it is adjusted correctly. 

2 Double RF System 

In this section, we define some quantities to describe the double rf system. The voltage seen 

by beam particles for the double rf system case is defined by 

V(¢) = Vp[sin(¢ + ¢,) + ksin(n¢ + n¢n)], 

where 

VI' - peak voltage of the main rf system 

kv" - peak voltage of the higher-harmonic rf system 

h - harmonic number of the main rf system 

n . h - harmonic number of the higher-harmonic rf system 

¢, synchronous phase angle of the main rf system 

n . ¢n = synchronous phase angle of the higher-harmonic rf system. 

The Hamiltonian for the synchrotron motion is given by[6] 

where 

and 

!:::.E 
tv = --, 

hwo 

U(¢) = -~ rl> d¢(V(¢) - V(O)). 
VI' Jo 
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The variable w is the canonical momentum conjugate to q,. The other parameters are as 

follows: 
Wo - angular revolution frequency 

'r/ - 0: - Ih 2 = phase slip factor 

0: - momentum compaction factor 

'Y = Lorentz factor 

E = t:, + Eo = particle energy 

Eo = energy of the synchronous particle 

e elementary charge. 

The quantity e \1(0) represents the synchrotron radiation loss per turn that must be replen

ished by the rf system. 

When the higher-harmonic parameters k and q,n are chosen so that the first and the 

second derivatives of \1(q,) vanish at the bunch center, namely, 

nk cos nq,n = - cos q,,, (5) 

the rf potential function U( q,) becomes quartic with respect to q, in the vicinity of the bunch 

center: 

(6) 

Then, the phase motion can be expressed by the Jacobian elliptic function cn(u) of modulus 

1/-12 and the product of sn(u) and dn(u): 

q, -q,maxcn(u), 

tu = wmax-l2sn(u)dn(u), (7) 

where q,max and W max are the q, and tu coordinates where the particle trajectory intersects 

with the positive q, and tu axes, respectively. The angle u in phase space is given by 

~ 
u = q,maxV ~v,owot, (8) 

where v,o is the synchrotron tune in the absence of the higher-harmonic system. 

Using the action-angle variables I, and <I>, for the synchrotron motion, the above phase 

space motion can be described as 

(9) 

= ( EOII,O F,l2 -1 )1/3. (37rv':h I )2/3 
tumax ? 12 3 f(!)2" _Wo l 'r/ 4 

(10) 
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and 

(11) 

where f(x) is t he Gamma Function. The Hamiltonian (2) can be expressed as function only 

of Is: 
H = (2h217WOV~o (n2 

- 1))1/3. ( 37r
3
/
2 

1)4/3 
s Eo 3 2f( ~)2' . 

(12) 

3 Canonical Formulation 

We start with the Vlasov eq. for the particle distribution function A(Ix, !!>x, I"!!>,, 11,):[5] 

aA ,aA , aA ,aA I' aA 
alii + !!>xa!!>x + Ixalx + !!>sa!!>, + 'aI, = 0, (13) 

where we take the angular position III in a ring as an independent variable, and a prime 

denotes the derivative with respect to III. The symbols Ix and !!>x are the action-angle 

variables for the transverse motion. They are related to the transverse coordinate x and its 

canonical momentum Px by 

X (
2clxf3 )1/2 '" - Eo x cos ':lI X ) 

(
2I

X
Eo)1/2( .) Px = - -f3-- ax cos!!>x + sm!!>x , 

xC 
(14) 

where ax and f3x are the Twiss parameters, and c is the speed of light. 

The unperturbed Hamiltonian for the transverse and synchrotron motion is given by 

(15) 

where Hs is given by Eq. (12), vx is the incoherent betatron tune, and, is the chromaticity. 

The changes in the action-angle variables are calculated from H as 

(16) 

where a is x or s . 

The unperturbed particle distribution function is a function only of Ix and I,: 

A = !o(Ix)go(I,), (17) 

where they are normalized in such a way that 

(18) 
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and 

1000 

dI, l~ difl,Yo(I,) = N e, 

where N is the total number of particles in the bunch. 

(19) 

Now, let us calculate the potential term Ux(Ix, iflx , Is, ifls) for the Hamiltonian due to the 

interaction with the environment[5]. For this purpose, we first define the perturbed part of 

the particle distribution function by 

(20) 

where v is the tune of the coherent oscillation to be determined and exp(i~rP/( o:h)) is the 

head-tail phase factor. The transverse force Fx felt by a particle at rf phase angle rP at 0/ is 

given by 

(21) 

where 111(0) is the transverse wake potential, and R is the average radius of the ring. The 

effect of the wake of all previous revolutions is expressed by the summation over k. Now, we 

define the dipole distribution function D(I., ifl,) by 

The function D(I., ifl,) represents the distribution function of the dipole moment of 11.1 in 

synchrotron phase space. We also define the Fourier transform of D(Is, ifls) (projected onto 

rP axis) wi th respect to rP by 

- 1 roo rh -ip'1. 
D(p) = 271' 10 dI'10 difl,D(I., ifl.)e h. (23) 

Substituting Eq. (22) into Eq. (21), and using b, the LHS of Eq. (22) can be transformed 

into the frequency domain. The result is 

(24) 

where ZT is the transverse impedance given by the Fourier transform of the wake potential: 

W 1 J"" i':'!...O ZT(-) = -;- dOW(O)e Wo , 
Wo Z-oo 

(25) 
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.. d" d" ~ P IS an mteger, an p = p + v an p = p + v - -. 
0' 

The potential U. can be calculated from F. as 

It follows 

aU. F. 
- ox = We 

...[!J; 00 • ,q, 
U. = -ix e

27r 
R' e - ivO/ p~oo D(p")ZT(p')e!P h . 

The total Hamiltonian is given by 

Hamilton's equations are 

<1>' = oN aU. 
• 01. = v. + 01. ' 

. ,q, 

I , = _ oN = _ . efl. (2cI. )1/2 -ivO/ '\' D- ( ")Z ( ') !P h . if. 

• 0<1>. !27rR Eo e L... P T P e sm",., 
p 

<1>' oN (I ) aU. 
, = 01, = Vs s + 01,' 

l' = _ oN = _ e...[!J; -ivO/ '\' D- ( ") 'z ( ') iP't oq, 
, 0<1> s x 27r Rh e '7]J]J T P e 0<1>,' 

where 

(26) 

(27) 

(28) 

(29) 

(30) 

(31) 

(32) 

(33) 

is the synchrotron tune of particles at amplitude q,ma.' We can see from the last non-zero I; 
term that a longitudinal force is also created by the transverse dipole oscillation. This effect 

is, however, normally negligible. 

Inserting all these Eqs. (30-32) and Eq. (20) into Vlasov eq. (13), and linearizing it with 

respect to AI, we obtain 

· oAI oAI 
-IVAI - I/s(Is) o<1>s + 1/. 0<1>. = 

. "q, 
efl. (2cI')1/2 ~ D( ")Z ( ') !P h( i<1>. _ -i<1>.) (I )dfe(I.) 
4 R E L... P T]J e e e 90, dI ' 

7r 0 p=-oo x 
(34) 

where we have expressed sin <I>. by exponential. The perturbed distribution function Al can 

be Fourier expanded in <1>x and <1>s with period 27r due to its periodicity in transverse and 

synchrotron phase spaces as 
00 

Al (I., <I>., I " <1>,) = L A (I I )eiq<1>'e-im<1>s qm x , s , (35) 
q=- oo m=-oo 
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where q and m are integers. If we multiply Eq. (35) by exp( -iqiP",) and integrate over iP. 

from 0 to 21f, we get 

[-iv - v,(I,) a~ + iqv.J f: A.m(I.,I,)e-imiP, 
3 m;::;-oo 

- (0 - 0 ) ef3. (2cI')1/2 ~ D( ")Z ( ') ipllt (I )d!o(I",) (36) 
- 1. -1. 4 R E L.., P T P e ~ 90 , dI. ' 

7r 0 p=-oo ... 

where Okl is Kronecker's delta. The RHS of the above equation has non-zero values only for 

the dipole mode terms, q = 1 and q = -1. In a similar way, by multiplying Eq. (36) by 

exp(im<I>,) and integrating it over iP, from 0 to 21f, we can extract A.m(I",,!,) component 

out of the summation. In doing so, since the Jacobian function cn( u) can be expanded as 

cn(u) = 0.95501 cos iP, + 0.04305 cos 3iP, + ... , (37) 

we can well approximate cn(u) in exp(iplI~) on RHS by cos iPs . Then, 

formula 

we can use the 

f21r ,pI! ' -m pll 
)0 d<I>s exp( -'h:¢ma", cos iP, + miP,) = 21ft Jm ( h:¢ma.). (38) 

In this approximation, Eq. (36) becomes 

-i [v - mll,(Is) - qv. JA.m(I., I,) 

= (0 - 0 ) · - m ef3. (2cI", )1/2 ~ D( ")Z ( ')J (pll '" ) (I) d!o(I",) 
1. -1. Z 4 R E L.., P T P m h 'I'ma. 90 , dI . 

7r 0 p=-oo x 
(39) 

The dipole distribution D(I" iP,) also can be expanded with respect to iP, as 

00 

D(I" iP,) = I: ~ D (I )e-iniPs 
~ Tn.s , (40) 

r=-oo n=-oo 

where Drn(I,) can be expressed by Arn(Ix, Is) as 

(41) 

and ,. and n are integers. The Fourier transform D(pll) can be also expanded as 

(42) 

where we have approximated cn(1I) by cos iPs and used the formula (38). 
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If we multiply Eq. (39) by x exp(iqifJx)/.J7]';" and integrate it over Ix and ifJ x, we obtain 

(43) 

where we have used Eqs. (41) and (42) and T is the revolution period. 

We solve Eq. (43) by expanding Dqm (Is) using a complete set of orthogonal functions as 

00 

Dqm(Is) = W(I.) L: a~~') f~lmll(Is). ( 44) 
k;oo 

Here, the weight function TV (Is) is defined by 

W(Is) = Cgo(I.) ( 45) 

where C is a normalization constant to be chosen. The orthogonal functions f~lmll(I.) are 

determined so as to satisfy the following orthogonal relationship 

(46) 

Dividing Eq. (43) by [11- mil. (I.) - qllx]' inserting Eq. (44) into it, multiplying by f~lmll(I.) 
and integrating over I" we have a matrix equation for the coefficients a~;): 

00 00 00 

. L: ZT(p')Cmj(p") L: in L: a~7)Cn,(p"), 
p=-oo n=-oo 1=0 

where 

Cmj (]]") = ["" dI,Jm(P," <Pmax)W(Is)fjlmll(Is) . Jo /. 
If we define new coefficients bkm) by 

00 

b(km) = '\' (m) L.J a qk , 
q=-oo 

Eq. (47) can be rewritten as a matrix equation for b~m): 

00 00 

bkm) = L: L: N::;k b~n), 
n=-co 1=0 
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where 

(.51 ) 

where 
00 00 v\f(I )f(lmi)(I ) r(imi)(I ) 

F(m) = '" (8 - 8 ) 1 dI 'k , . j , 
kJ L..J Iq -Iq , (I) , 

q=:-oo 0 V - mvs s - qvx 
(52) 

00 

M;:;-j = _iKin- m L ZT(p')Cmj(p")Cn/(p"), (53) 
p;::-oo 

and 
K = f3x 1 

2T Eo/e C 
(54) 

The nontrivial solution of Eq. (51) requires that 

(55) 

This dispersion relation gives a coherent tune v. 

Now, let us find appropriate orthogonal functions fk1mi)(I,) and derive more explicit ex

pressions of matrixes Fl'j') and M::;j. The normalized unperturbed longitudinal distribution 

function go(I,) is given by 

(56) 

where 
17~ = 2ft ( 3 )1/4( ha17E/ Eo )1/2 ~ 1.28678 (/taaB / Eo )'/2 (57) 

r(~) n2 - 1 v,o (n 2 - 1)1/4 v,o 

is the rms bunch length in units of rf phase angle, 17E/ Eo is the relative rms energy spread, 

and the parameter oX is defined by 

(58) 

To obtain a simple expression of the orthogonal functions fk1mi)(I,), we chose the normaliza

tion factor C to be 

(59) 

It is convenient to change the variable from I, to z = ¢max/a~. The action variable I, is 

proportional to cubic of ¢max (see Eq. (9)): 

I, = A¢;!,ax, (60) 
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where 

(61 ) 

(62) 

If we substitute Eqs. (59) and (62) into Eq. (46), we find that the functions e~lml)(z) satisfy 

the following orthogonal relationship: 

1"" dzexp(_).z4)z2Iml+2e~lml)(z)e~lml)(z) = Okl. (63) 

Solutions of the above equation are given by 

e<,lml)(z) = 2).¥+f( k! )1/2L(~-t\).Z4) 
k r(~+k+~) k , 

(64) 

where L~") are the generalized Laguerre polynomials. By inserting the above equation into 

Eq. (48), the function Cmj(p") becomes 

" 
Cmj(p") = Imj(~t O'¢) . J3AO'~, (65) 

(66) 

There is no analytical expression for the above integral in terms of known special functions. 

One must carry out integration numerically. In a similar way, the function F1j) can be 

expressed explicitly as 

('.") _ 00 _ 100 exp(_).z4)z2Iml+2e~lml)(z)e)lml)(z) 
FkJ - L (O'q 0-lq) dz ( ) , 

q==-oo 0 V - mvs z - qvx 

where the amplitude dependent synchrotron tune is given by 

27r3
/

2
11,O ~ 

1I,(z) = r(i)z V ~O'¢z "'" 0.34587 . lI,ovn z - 10'¢z. 

The matrix M;;/ can be also rewritten using 1mj as 
~ n n 

1I1::;j = _i1('in- m p~oo ZT(p')Imj(P
h 

O'<I»Inl(~t O'¢), 

where the constant 1(' is given by 

, 4../28' /4 

J( = ,jiiTWz 
N e{:Jx h{:Jx 

2T Eo/ e "'" 0.20417 . Eo/ e' 

where h is the bunch current. 
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4 Numerical Examples and Discussions 

Let us apply the present formalism to LEP to see how the mode-coupling instability will be 

affected by installation of higher-harmonic cavities into the current single rf system. For this 

purpose, a computer code MOSDRF has been written. The main LEP parameters used are 

summarized in Table 1. In the following calculations, we included three azimuthal modes 

(m = -1 ,0,1) and two radial modes (k = 0,1). Figures 1 and 2 show the real and imaginary 

parts of the coherent tune shift in the single rf system in units of the incoherent synchrotron 

tune v,o, respectively. One can see the clear onset of the mode-coupling instability at the 

bunch current of about 0.75 rnA. When higher-harmonic cavities are installed (double rf 

system), they are changed as shown by the broken curves in Figs. 3 and 4. The single 

curve starting from the origin in Fig. 3 represents actually the two eigenmodes. In Figs. 

3 and 4, only the eigenmodes which have non-zero imaginary parts of coherent tunes are 

plotted. Other eigenmodes have singularities at the denominators of the integration F~j) 

given by Eq. (67), and thus cannot be obtained by the present method. The sharpe rise of 

growth rate at the onset of mode-coupling instability is replaced by a steady increase which 

starts from the zero bunch current. However, the magnitude of growth rate is far smaller in 

the latter case (notice the difference of the vertical scale in Figs. 2 and 4.). This behavior 

change can be explained as follows. Since the incoherent synchrotron tune is diminished at 

the zero synchrotron amplitude in the double rf system, the m = 0 and m = -1 modes 

can couple to each other even at the zero bunch current to yield an instability. However, 

a strong Landau damping due to a large synchrotron tune spread drags down the growth 

rate to a low level. The threshold current will be now defined by the current for which the 

growth rate is balanced by the radiation damping rate. In LEP, the numerical result shows 

the threshold current will increase from 0.75 rnA to 1.16 rnA. 

Next, let us examine the effect of the bunch length in the double rf system. Figures 5 and 

6 show the real and imaginary parts of the coherent tune shift in units of v,o in the double rf 

system, when the bunch length is halved by halving the energy spread and the momentum 

compaction factor. The growth rate gets enlarged by two orders of magnitude. In Fig. 7, we 

plot the growth rate at h = 0.75mA as a function of the bunch length a¢ in units of a¢o, the 

original bunch length in units of rf phase angle, when we shorten the bunch by reducing the 

energy spread and the moment compaction factor proportionally. The bunch length in the 

real space corresponding to a¢o is given by a¢oR/h = 13.l2cm. As can be seen, the growth 

rate rises up very rapidly as the bunch shortens. The growth rate exceeds the radiation 

damping rate at about a¢/a¢o = 0.82, or a¢R/h = 10.Scm. Figure S shows the threshold 
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current against the bunch length a. in units of a<l>O . The threshold current breaks below the 

present threshold of 0.75 rnA of the single rf system again at a./a.o = 0.82. These results 

show that if a double rf system does not produce a long enough bunch, the threshold current 

could become lower than that of the single 1'£ system. This may imply that the LEP case 

might be a rather fortunate one. 
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Table 1. The main LEP parameters used for the calculations. 

Beam energy, Eo (GeV) 20.0 

Revolu tion frequency, fo (kHz) 11.2455 

Average machine radius, R (km) 4.2429 

Momentum compaction factor, Q 0.0019 

Harmonic number of the single rf system, h 31320 

Rms bunch length in the single rf system, Uz (em) 2.0 

Rms relative energy spread in the single rf system, UB/ Eo 0.0021 

Radiation damping time, Tr (sec) 0.3 

Synchrotron tune of the single rf system, V,a 0.D78 

Ratio of the higher-harmonic frequency to the main frequency, n 3 

Rms bunch length in the double rf system, u¢aR/h (em) 13.12 

Beta function at the impedance, f3r (m) 40 

Resonant frequency of the broadband impedance, fr (GHz) 2.0 

Peak value of the broadband impedance, Rr (Mn/m) 1.5 

Q-factor of the broadband impedance, Q 1.0 
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Figure 5: Real parts of (v - vx)/v,Q in the double rf system. u~R/h = lO.Scm. 
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Figure 6: Imaginary parts of (v - vx)/v,Q in the double rf system. O'¢R/h = 10.8cm. 
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Figure 7: Growth rate r-1 at Ib = O.75mA as a function of the bunch length a¢ in units of 

a¢o where a¢oR/h = 13.12cm is the original bunch length. 
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Figure 8: Threshold bunch current I'h as a fnnction of the bunch length a~ in units of a~o . 
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